Given a bounded valence, bushy tree T , we prove that any cobounded quasi-action of a group G on T is quasiconjugate to an action of G on another bounded valence, bushy tree T . This theorem has many applications: quasi-isometric rigidity for fundamental groups of finite, bushy graphs of coarse PD(n) groups for each fixed n; a generalization to actions on Cantor sets of Sullivan's theorem about uniformly quasiconformal actions on the 2-sphere; and a characterization of locally compact topological groups which contain a virtually free group as a cocompact lattice. Finally, we give the first examples of two finitely generated groups which are quasi-isometric and yet which cannot act on the same proper geodesic metric space, properly discontinuously and cocompactly by isometries.
Introduction
A quasi -action of a group G on a metric space X associates to each g ∈ G a quasi-isometry A g : x → g · x of X, with uniform quasi-isometry constants, so that A Id = Id X , and so that the distance between A g • A h and A gh in the sup norm is uniformly bounded independent of g, h ∈ G.
Quasi-actions arise naturally in geometric group theory: if a metric space X is quasi-isometric to a finitely generated group G with its word metric, then the left action of G on itself can be "quasiconjugated" to give a quasiaction of G on X. Moreover, a quasi-action which arises in this manner is cobounded and proper; these properties are generalizations of cocompact and properly discontinuous as applied to isometric actions.
Given a metric space X, a fundamental problem in geometric group theory is to characterize groups quasi-isometric to X, or equivalently, to characterize groups which have a proper, cobounded quasi-action on X. A more general problem is to characterize arbitrary quasi-actions on X up to quasiconjugacy. This problem is completely solved in the prototypical cases X = H 2 or H 3 : any quasi-action on H 2 or H 3 is quasiconjugate to an isometric action.
When X is an irreducible symmetric space of nonpositive curvature, or an irreducible Euclidean building of rank ≥ 2, then as recounted below similar results hold, sometimes with restriction to cobounded quasi-actions, sometimes with stronger conclusions.
The main result of this paper, Theorem 1, gives a complete solution to the problem for cobounded quasi-actions in the case when X is a bounded valence tree which is bushy, meaning coarsely that the tree is neither a point nor a line. Theorem 1 says that any cobounded quasi-action on a bounded valence, bushy tree is quasiconjugate to an isometric action, on a possibly different tree.
We give various applications of this result. For instance, while the typical way to prove that two groups are quasiisometric is to produce a proper metric space on which they each have a proper cobounded action, we provide the first examples of two quasi-isometric groups for which there does not exist any proper metric space on which they both act, properly and coboundedly; our examples are virtually free groups. We do this by determining which locally compact groups G can have discrete, cocompact subgroups that are virtually free of finite rank ≥ 2: G is closely related to the automorphism group of a certain bounded valence, bushy tree T . In [MSW02a] these results are applied to characterize which trees T are the "best" model geometries for virtually free groups; there is a countable infinity of "best" model geometries in an appropriate sense.
Our main application is to quasi-isometric rigidity for homogeneous graphs of groups; these are finite graphs of finitely generated groups in which every edge-to-vertex injection has finite index image. For instance, we prove quasiisometric rigidity for fundamental groups of finite graphs of virtual Z's, and by applying previous results we then obtain a complete classification of such groups up to quasi-isometry. More generally, we prove quasi-isometric rigidity for a homogeneous graph of groups Γ whose vertex and edge groups are "coarse" PD(n) groups, as long as the Bass-Serre tree is bushy-any finitely generated group H quasi-isometric to π 1 Γ is the fundamental group of a homogeneous graph of groups Γ with bushy Bass-Serre tree whose vertex and edge groups are quasi-isometric to those of Γ.
Other applications involve the problem of passing from quasiconformal boundary actions to conformal actions, where in this case the boundary is a Cantor set. Quasi-actions on H 3 are studied via the theorem that any uniformly quasiconformal action on S 2 = ∂H 3 is quasiconformally conjugate to a conformal action; the countable case of this theorem was proved by Sullivan [Sul81] , and the general case by Tukia [Tuk80] . 1 Quasi-actions on other hy-perbolic symmetric spaces are studied via similar theorems about uniformly quasiconformal boundary actions, sometimes requiring that the induced action on the triple space be cocompact, as recounted below. Using Paulin's formulation of uniform quasiconformality for the boundary of a Gromov hyperbolic space [Pau96] , we prove that when B is the Cantor set, equipped with a quasiconformal structure by identifying B with the boundary of a bounded valence bushy tree, then any uniformly quasiconformal action on B whose induced action on the triple space is cocompact is quasiconformally conjugate to a conformal action in the appropriate sense. Unlike the more analytic proofs for boundaries of rank 1 symmetric spaces, our proofs depend on the lowdimensional topology methods of Theorem 1.
Quasi-actions on H 2 are studied similarly via the induced actions on S 1 = ∂H 2 . We are primarily interested in one subcase, a theorem of Hinkkanen [Hin85] which says that any uniformly quasi-symmetric group action on R = S 1 −{point} is quasisymmetrically conjugate to a similarity action on R; an analogous theorem of Farb and Mosher [FM99] says that any uniform quasisimilarity group action on R is bilipschitz conjugate to a similarity action. We prove a Cantor set analogue of these results, answering a question posed in [FM99] : any uniform quasisimilarity action on the n-adic rational numbers Q n is bilipschitz conjugate to a similarity action on some Q m , with m possibly different from n.
Theorem 1 has also been applied recently by A. Reiter [Rei02] to solve quasi-isometric rigidity problems for lattices in p-adic Lie groups with rank 1 factors, for instance to show that any finitely generated group quasi-isometric to a product of bounded valence trees acts on a product of bounded valence trees.
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Statements of results

Theorem 1: Rigidity of quasi-actions on bounded valence, bushy trees.
The simplest nonelementary Gromov hyperbolic metric spaces are homogeneous simplicial trees T of constant valence ≥ 3. One novel feature of such geometries is that there is no best geometric model: all trees with constant valence ≥ 3 are quasi-isometric to each other. Indeed, each such tree is quasiisometric to any tree T satisfying the following properties: T has bounded valence, meaning that vertices have uniformly finite valence; and T is bushy, meaning that each point of T is a uniformly bounded distance from a vertex having at least 3 unbounded complementary components. In this paper, each tree T is given a geodesic metric in which each edge has length 1; one effect of this is to identify the isometry group Isom(T ) with the automorphism group of T .
Here is our main theorem: 2
Theorem 1 (Rigidity of quasi-actions on bounded valence, bushy trees).
If G × T → T is a cobounded quasi -action of a group G on a bounded valence, bushy tree T , then there is a bounded valence, bushy tree T , an isometric action G × T → T , and a quasiconjugacy f : T → T from the action of G on T to the quasi -action of G on T .
Remark. Given quasi-actions of G on metric spaces X, Y , a quasiconjugacy is a quasi-isometry f : X → Y which is coarsely G-equivariant meaning that d Y f (g · x), g · fx is uniformly bounded independent of g ∈ G, x ∈ X. Any coarse inverse for f is also coarsely G-equivariant. We remark that properness and coboundedness are each invariant under quasiconjugation.
Theorem 1 complements similar theorems for irreducible symmetric spaces and Euclidean buildings. The results for H 2 and H 3 were recounted above. When X = H n , n ≥ 4 [Tuk86] , and when X = CH n , n ≥ 2 [Cho96] , every cobounded quasi-action is quasiconjugate to an action on X. Note that if n ≥ 4 then H n has a noncobounded quasi-action which is not quasiconjugate to any action on H n [Tuk81] , [FS87] . When X is a quaternionic hyperbolic space or the Cayley hyperbolic plane [Pan89b] , or when X is a nonpositively curved symmetric space or thick Euclidean building, irreducible and of rank ≥ 2 [KL97b] , every quasi-action is actually a bounded distance from an action on X. Theorem 1 complements the building result because bounded valence, bushy trees with cocompact isometry group incorporate thick Euclidean buildings of rank 1. However, the conclusion of Theorem 1 cannot be as strong as the results of [Pan89b] and [KL97b] . A given quasi-action on a bounded valence, bushy tree T may not be quasiconjugate to an action on the same tree T (see Corollary 10); and even if it is, it may not be a bounded distance from an isometric action on T .
The techniques in the proof of Theorem 1 are quite different from the above mentioned results. Starting from the induced action of G on ∂T , first we construct an action on a discrete set, then we attach edges equivariantly to get an action on a locally finite graph quasiconjugate to the original quasi-action. This graph need not be a tree, however. We next attach 2-cells equivariantly to get an action on a locally finite, simply connected 2-complex quasiconjugate to the original quasi-action. Finally, using Dunwoody's tracks [Dun85] , we construct the desired tree action.
Theorem 1 is a very general result, making no assumptions on properness of the quasi-action, and no assumptions whatsoever on the group G. This freedom facilitates numerous applications, particularly for improper quasi-actions.
Application: Quasi -isometric rigidity for graphs of coarse PD(n) groups.
From the proper case of Theorem 1 it follows that any finitely generated group G quasi-isometric to a free group is the fundamental group of a finite graph of finite groups, and in particular G is virtually free; this result is a well-known corollary of work of Stallings [Sta68] and Dunwoody [Dun85] . By dropping properness we obtain a much wider array of quasi-isometric rigidity theorems for certain graphs of groups.
Let Γ be a finite graph of finitely generated groups. There is a vertex group Γ v for each v ∈ Verts(Γ); there is an edge group Γ e for each e ∈ Edges(e); and for each end η of an edge e, with η incident to the vertex v(η), there is an edgeto-vertex injection γ η : Γ e → Γ v(η) . Let G = π 1 Γ be the fundamental group, and let G × T → T be the action of G on the Bass-Serre tree T of Γ. See Section 4 for a brief review of graphs of groups and Bass-Serre trees.
We say that Γ is geometrically homogeneous if each edge-to-vertex injection γ η has finite index image, or equivalently T has bounded valence. Other equivalent conditions are stated in Section 4.
Consider for example the class of Poincaré duality n groups or PD(n) groups. If n is fixed then any finite graph of virtual PD(n) groups is geometrically homogeneous, because a subgroup of a PD(n) group K is itself PD(n) if and only it has finite index in K [Bro82] . In particular, if each vertex and edge group of Γ is the fundamental group of a closed, aspherical manifold of constant dimension n then Γ is geometrically homogeneous.
Our main result, Theorem 2, is stated in terms of the (presumably) more general class of "coarse PD(n) groups" defined in Section 4-such groups respond well to analysis using methods of coarse algebraic topology introduced in [FS96] and further developed in [KK99] . Coarse PD(n) groups include fundamental groups of compact, aspherical manifolds, groups which are virtually PD(n) of finite type, and all of Davis' examples in [Dav98] . The definition of coarse PD(n) being somewhat technical, we defer the definition to Section 4.4.
Theorem 2 (QI-rigidity for graphs of coarse PD(n) groups). Given n ≥ 0, if Γ is a finite graph of groups with bushy Bass-Serre tree, such that each vertex and edge group is a coarse PD(n) group, and if G is a finitely generated group quasi -isometric to π 1 Γ, then G is the fundamental group of a graph of groups with bushy Bass-Serre tree, and with vertex and edge groups quasi -isometric to those of Γ.
Another proof of this result was found, later and independently, by P. Papasoglu [Pap02] .
Given a homogeneous graph of groups Γ, the Bass-Serre tree T satisfies a trichotomy: it is either finite, quasi-isometric to a line, or bushy [BK90] . Once Γ has been reduced so as to have no valence 1 vertex with an index 1 edge-to-vertex injection, then: T is finite if and only if it is a point, which happens if and only if Γ is a point; and T is quasi-isometric to a line if and only if it is a line, which happens if and only if Γ is a circle with isomorphic edge-to-vertex injections all around or an arc with isomorphic edge-to-vertex injections at any vertex in the interior of the arc and index 2 injections at the endpoints of the arc. Thus, in some sense bushiness of the Bass-Serre tree is generic.
Theorem 2 suggests the following problem. Given Γ as in Theorem 2, all edge-to-vertex injections are quasi-isometries. Given C, a quasi-isometry class of coarse PD(n) groups, let ΓC be the class of fundamental groups of finite graphs of groups with vertex and edge groups in C and with bushy Bass-Serre tree. Theorem 2 says that ΓC is closed up to quasi-isometry.
Problem 3. Given C, describe the quasi -isometry classes within ΓC.
Here is a rundown of the cases for which the solution to this problem is known to us. Given a metric space X, such as a finitely generated group with the word metric, let X denote the class of finitely generated groups quasi-isometric to X.
Coarse PD(0) groups are finite groups, and in this case Theorem 2 reduces to the fact that
where the notation F n will always mean the free group of rank n ≥ 2.
Coarse PD(1) groups form a single quasi-isometry class C = Z = {virtual Z groups}. By combining work of Farb and Mosher [FM98] , [FM99] with work of Whyte [Why02] , the groups in Γ Z are classified as follows:
Theorem 4 (Graphs of coarse PD(1) groups). If the finitely generated group G is quasi -isometric to a finite graph of virtual Z's with bushy Bass-Serre tree, then exactly one of the following happens:
• There exists a unique power free integer n ≥ 2 such that G modulo some finite normal subgroup is abstractly commensurable to the solvable Baumslag-Solitar group BS(1, n) = a, t tat −1 = a n .
• G is quasi -isometric to any of the nonsolvable Baumslag-Solitar groups BS(m, n) = a, t ta m t −1 = a n with 2 ≤ m < n.
• G is quasi -isometric to any group F × Z where F is free of finite rank ≥ 2.
Proof. By Theorem 2 we have G = π 1 Γ where Γ is a finite graph of virtual Z's with bushy Bass-Serre tree. If G is amenable then the first alternative holds, by [FM99] . If G is nonamenable then either the second or the third alternative holds, by [Why02] .
For C = Z n , the amenable groups in Γ Z n form a quasi-isometrically closed subclass which is classified up to quasi-isometry in [FM00] , as follows. By applying Theorem 1 it is shown that each such group is virtually an ascending HNN group of the form Z n * M where M ∈ GL(n, R) has integer entries and |det(M )| ≥ 2; the classification theorem of [FM00] says that the absolute Jordan form of M , up to an integer power, is a complete quasi-isometry invariant. For general groups in Γ Z n , Whyte reduces the problem to understanding when two subgroups of GL n (R) are at finite Hausdorff distance [Why] .
For C = H 2 , the subclass of Γ H 2 consisting of word hyperbolic surface-by-free groups is quasi-isometrically rigid and is classified by Farb and Mosher in [FM02] . The broader classification in Γ H 2 is open.
If C is the quasi-isometry class of cocompact lattices in an irreducible, semisimple Lie group L with finite center, L = PSL(2, R), then combining Mostow Rigidity for L with quasi-isometric rigidity (see [Far97] for a survey) it follows that for each G ∈ C there exists a homomorphism G → L with finite kernel and discrete, cocompact image, and this homomorphism is unique up to post-composition with an inner automorphism of L. Combining this with Theorem 2 it follows that ΓC is a single quasi-isometry class, represented by the cartesian product of any group in C with any free group of rank ≥ 2.
Remark. In [FM99] it is proved that any finitely generated group G quasiisometric to BS(1, n), where n ≥ 2 is a power free integer, has a finite subgroup F so that G/F is abstractly commensurable to BS(1, n). Theorem 4 can be applied to give a (mostly) new proof, whose details are found in [FM00] .
Application: Actions on Cantor sets.
Quasiconformal actions. The boundary of a δ-hyperbolic metric space X carries a quasiconformal structure and a well-behaved notion of uniformly quasiconformal homeomorphisms, which as Paulin showed can be characterized in terms of cross ratios [Pau96] ; we review this in Section 5. As such, one ask can for a generalization of the Sullivan-Tukia theorem for H 3 : is every uniformly quasiconformal group action on ∂X quasiconformally conjugate to a conformal action?
A bounded valence, bushy tree T has Gromov boundary B = ∂T homeomorphic to a Cantor set, and for actions with an appropriate cocompactness property we answer the above question in the affirmative for B, where "conformal action" is interpreted as the induced action at infinity of an isometric action on some other bounded valence, bushy tree. Recall that an isometric group action on a δ-hyperbolic metric space X is cocompact if and only if the induced action on the space of distinct triples in ∂X is cocompact, and the action on X has bounded orbits if and only if the induced action on the space of distinct pairs in ∂X has precompact orbits. Once the definitions are reviewed, the proofs of Theorem 5 and Corollary 6 are very quick applications of Theorem 1.
Theorem 5 complements similar theorems for the boundaries of all rank 1 symmetric spaces. Any uniformly quasiconformal action on the boundary of H 2 or H 3 is quasiconformally conjugate to a conformal action. Any uniformly quasiconformal action on the boundary of H n , n ≥ 4 [Tuk86] or of CH n [Cho96] , such that the induced action on the triple space of the boundary is cobounded, is quasiconformally conjugate to a conformal action. Any quasiconformal map on the boundary of a quaternionic hyperbolic space or the Cayley hyperbolic plane is conformal [Pan89b] .
Also, convergence actions of groups on Cantor sets have been studied in unpublished work of Gerasimov and in work of Bowditch [Bow02] . These works show that if the group G has a minimal convergence action on a Cantor set C, and if G satisfies some mild finiteness hypotheses, then there is a G-equivariant homeomorphism between C and the space of ends of G. Theorem 5 and the corollary are in the same vein, though for a different class of actions on Cantor sets.
Uniform quasisimilarity actions on the n-adics. Given n ≥ 2, let Q n be the n-adics, a complete metric space whose points are formal series
The distance between ξ, η ∈ Q n equals n −I where I is the greatest element of Z ∪ {+∞} such that ξ i = η i for all i ≤ I. The metric space Q n has Hausdorff dimension 1, and it is homeomorphic to a Cantor set minus a point. Given integers m, n ≥ 2, Cooper proved that the metric spaces Q m , Q n are bilipschitz equivalent if and only if there exists integers k ≥ 2, i, j ≥ 1 such that m = k i , n = k j (see Cooper's appendix to [FM98] ). Thus, each bilipschitz class of n-adic metric spaces is represented uniquely by some Q m where m is not a proper power.
A similarity of a metric space X is a bijection f :
A 1-quasisimilarity is the same thing as a similarity. In [FM99] it was asked whether any uniform quasisimilarity action on Q n is bilipschitz conjugate to a similarity action, as long as n is not a proper power. In retrospect this is not quite the correct question, and in fact there is an easy counterexample: the full similarity group of Q 4 acts as a uniform quasisimilarity group on Q 2 , but there is no bilipschitz conjugacy to a similarity action on Q 2 (see the end of §5.2 for details). This can be extended to show that for any m and any i = j, there is a uniform quasisimilarity action on Q m i which is not bilipschitz conjugate to a similarity action on Q m j . The following theorem resolves the issue in the best possible way, at least for actions satisfying the appropriate cocompactness property, which for a "punctured" Cantor set means cocompactness on the set of distinct pairs:
Theorem 7 (Uniform quasisimilarity actions on n-adic Cantor sets). This theorem generalizes the similar result of [FM99] for uniform quasisimilarity actions on R, which was in turn an analogue of Hinkkanen's theorem [Hin85] for uniformly quasisymmetric actions on R. We do not know whether the cocompactness hypothesis is necessary, but it is a useful and commonly occurring boundedness property.
As with Theorem 5, the result of Theorem 7 allows us to make some extra conclusions about the algebraic structure of the given group G, namely an ascending HNN structure whose base group is geometrically constrained:
Corollary 8. Under the same hypotheses as Theorem 7, there is an ascending HNN decomposition
where H is a subgroup of G and t ∈ G, such that φ: H → H is a selfmonomorphism with finite index image, and the action of H on Q n is uniformly bilipschitz.
Application: Virtually free, cocompact lattices.
Given a finitely generated group G, one can ask to describe the model geometries for G, the proper metric spaces X on which G acts, properly and coboundedly by isometries. More generally, motivated by Isom(X), one can ask to describe the locally compact topological groups Γ for which there is a discrete, cocompact, virtually faithful representation G → Γ. Then, given a quasi-isometry class C of finitely generated groups, one can ask:
• Is there a common model geometry X for every group in C?
• Is there a common locally compact group Γ, in which every group of C has a discrete, cocompact, virtually faithful representation?
For example, the Sullivan-Tukia theorem answers these two questions affirmatively for the quasi-isometry class H n , using the space X = H n and the group Γ = Isom(H n ). Most quasi-isometric rigidity theorems in the literature provide similarly affirmative answers for the quasi-isometry class under consideration, e.g. [BP00] , [FM99] , [FM00] , [FM02] , [KL97a] , [KL97b] , [Tab00] ; see [Far97] for a survey. On the other hand, it may be true that there are no less than two model geometries for the quasi-isometry class
We show that the above questions have a negative answer for the quasiisometry class F n . Our main tool is the following: Corollary 10. There exist groups G, G ∈ F n such that:
• G, G do not act properly discontinuously and cocompactly by isometries on the same proper geodesic metric space.
• G, G do not have discrete, cocompact, virtually faithful representations into the same locally compact group.
Theorem 9 reduces the corollary to the statement that there are virtually free groups which cannot act properly and cocompactly on the same tree. It is easy to produce examples of this phenomenon, for example Z/p * Z/p and Z/q * Z/q, for distinct primes p, q ≥ 3. These are the first examples of quasiisometric groups which are known not to have a common geometric model. Theorem 9 complements a recent result of Alex Furman [Fur01] concerning an irreducible lattice G in a semisimple Lie group Γ. Furman's result shows, except when G ∈ F n is noncocompact in SL(2, R), that any locally compact group G in which G has a discrete, cocompact, virtually faithful representation is very closely related to the given Lie group Γ.
Remark. The techniques of the above results should apply to more general homogeneous graphs of groups. In particular, one ought to be able to determine, using these ideas, which of the Baumslag-Solitar groups BS(m, n) ( [Why02] ) are cocompact lattices in the same locally compact group. Also, using the computation of QI(BS(1, n)) in [FM98] , it should be possible to give a conjugacy classification of the maximal uniform cobounded subgroups of QI (BS(1, n) The finite index arising in this theorem comes from the fact that G is allowed to permute the k factors among themselves. For example, every group quasi-isometric to a product of two bounded valence bushy trees has a subgroup of index ≤ 2 which acts, properly and coboundedly, on a product of two bounded valence, bushy trees. This quasi-isometry class contains all products of two free groups of rank ≥ 2, but it also contains torsion free simple groups [BM97] .
Maximally symmetric trees. In light of Theorem 10 showing that there is no single model geometry for an entire quasi-isometry class F n , one might still ask for a list of the "best" model geometries for the class. In [MSW02a] we apply Theorem 1 to show that these consist of certain trees which are "maximally symmetric".
Recall that for any metric space X the quasi-isometry group QI(X) is the group of self quasi-isometries of X modulo identification of quasi-isometries which have bounded distance in the sup norm. A subgroup H < QI(X) is uniform if it can be represented by a quasi-action on X. A uniform subgroup H < QI(X) is cobounded if the induced quasi-action of H on X is cobounded. A bounded valence, bushy tree T is cocompact if Isom(T ) acts cocompactly on T ; equivalently, the image of the natural homomorphism Isom(T ) → QI(T ) is cobounded. We say that T is minimal if it has no valence 1 vertices; minimality implies that Isom(T ) has no compact normal subgroups, and that Isom(T ) → QI(T ) is injective, among other nice properties.
Theorem 12 (Characterizing maximally symmetric trees [MSW02a] 
There is a countable infinity of such isometry classes; and there is a countable infinity of these isometry classes represented by trees T which support a proper, cobounded group action.
The term "reduced" refers to a simple combinatorial operation that simplifies maximally symmetric trees, as explained in [MSW02a] .
To summarize, there is a countable infinity of "best" geometries for the quasi-isometry class F n , distinct up to isometry. Examples include any homogeneous tree of constant valence ≥ 3, and any bipartite, bihomogeneous tree of valences p = q ≥ 3; these each have proper, cobounded actions, and there is still a countable infinity of other examples.
Theorem 13 should be contrasted with the fact that if X is a rank 1 symmetric space then QI(X) has a unique maximal uniform cobounded subgroup up to conjugacy, namely Isom(X); this follows from the fact that every cobounded, uniformly quasiconformal subgroup acting on ∂X is quasiconformally conjugate to a conformal group.
Quasi-edges and the proof of Theorem 1
Preliminaries.
Coarse language. Let X be a metric space. Given A ⊂ X and 
We say that f is a uniformly proper embedding if, in addition, f compresses distances by a uniform amount: there exists a proper, increasing function
More precisely we say that f is a (K, C, ρ)-uniformly proper embedding. If we can take
= g(f (x)) and y [C ] = f (g(y)), for all x ∈ X, y ∈ Y . A simple fact says that for all K, C there exists C such that each K, C quasi-isometry has a C -coarse inverse.
Let G be a group and X a metric space.
In other words, the sup norm distance between A g • A h and A gh is at most C. A quasi-action is cobounded if there exists a constant R such that for each
= X. A quasi-action is proper if for each R there exists M such that for all x, y ∈ X, the cardinality of the set
is at most M . Note that if G × X → X is an isometric action on a proper metric space, then "cobounded" is equivalent to "cocompact" and "proper" is equivalent to "properly discontinuous".
Given a group G and quasi-actions of G on metric spaces X, Y , a quasiconjugacy is a quasi-isometry f : X → Y such that for some C ≥ 0 we have
= g · fx for all g ∈ G, x ∈ X. Properness and coboundedness are invariants of quasiconjugacy.
A fundamental principle of geometric group theory says that if G is a finitely generated group equipped with the word metric, and if X is a proper geodesic metric space on which G acts properly discontinuously and cocompactly by isometries, then G is quasi-isometric to X.
A partial converse to this result is the quasi-action principle which says that if G is a finitely generated group with the word metric and X is a metric space quasi-isometric to G then there is a cobounded, proper quasi-action of G on X; the constants for this quasi-action depend only on the quasi-isometry constants between G and X.
Ends. Recall the end compactification of a locally compact space Hausdorff X. The direct system of compact subsets of X under inclusion has a corresponding inverse system of unbounded complementary components of compact sets, and an end is an element of the inverse limit. Letting Ends(X) be the set of ends, there is a compact Hausdorff topology on X = X ∪ Ends(X) in which X forms a dense open set, where for each e ∈ Ends(X) there is one basic open neighborhood of e for each compact subset K ⊂ X, consisting of the unbounded component U of X − K corresponding to e together with all ends e for which U is the corresponding unbounded component of X − K.
If f : X → Y is a quasi-isometry between proper geodesic metric spaces then there is a natural induced homeomorphism Ends(X) → Ends(Y ).
If T is a bounded valence, bushy tree then Ends(T ) is a Cantor set. Moreover, there is a natural homeomorphism between Ends(T ) and the Gromov boundary of T .
Setup.
Let G be a finitely generated group quasi-acting on a bounded valence, bushy tree T . Assume that the quasi-action is cobounded. To prove Theorem 1 we must construct a quasiconjugacy to an isometric action of G on another tree.
Before continuing, we immediately reduce to the case where every vertex of T has valence ≥ 3. To do this we need only construct a quasi-isometry φ from T to a bounded valence tree in which every vertex has valence ≥ 3, for we can then use φ to quasiconjugate the given G-quasi-action on T .
Let β be a bushiness constant for T : every vertex of T is within distance β of a vertex with ≥ 3 complementary components. There is a β-bushy subtree T ⊂ T containing no valence 1 vertices, such that every vertex of T is within distance β of a vertex of T . The nearest point projection map T → T is a (1, β) quasi-isometry. Since each valence 2 vertex of T is within distance β of a vertex of valence ≥ 3, we may next produce a tree T by changing the tree structure on T , removing vertices of valence 2 and conglomerating any path of edges through valence 2 vertices into a single edge. The "identity" map T → T is a β, β quasi-isometry, and T is the desired tree in which each vertex has valence ≥ 3. Replacing T by T , we may henceforth assume every vertex of T has valence ≥ 3.
While our ultimate goal is a quasiconjugacy to an action on a tree, our intermediate goal will be a quasiconjugacy to an action on a certain 2-complex: we construct an isometric action of G on a 2-complex X, and a quasiconjugacy f : X → T , so that X is simply connected and uniformly locally finite. Once this is accomplished we use Dunwoody tracks to construct a quasiconjugacy from the G action on X to a G action on a tree.
The first step in building the 2-complex X is to find the vertex set X 0 . We will build the vertex set using the G action on the ends of T (note that even though G only quasi-acts on T it still honestly acts on the ends).
If G actually acts on T then our construction gives for X the complex with 1-skeleton the dual graph of T , with 2-cells attached around the vertices of T so as to make the dual graph simply connected. This picture should make the construction easier to follow.
Quasi -edges.
From the action at infinity we want to get some finite action. Each edge e of T cuts T into two "sides", which are the two components of T − int(e), each a subtree of T . The end spaces of the two sides of e partition Ends(T ) into an unordered pair of subsets denoted E(e) = {C 1 , C 2 }. Each of these C 1 , C 2 is a clopen of Ends(T ) which means a subset that is both closed and open.
Generalizing this, we define a quasi-edge of T to be a decomposition of Ends(T ) into a disjoint, unordered pair of clopens E = {C 1 , C 2 }, and C 1 , C 2 are called the sides of the quasi-edge E. Although G does not act on the set of edges a priori , clearly G acts on the set QE(T ) of quasi-edges.
We now define the "distortion" of each quasi-edge E of T . This is a positive integer R(E) which measures how far E is from being a true edge. In particular, R(E) will equal 1 if and only if E = E(e), as described above, for a unique edge e.
Consider a clopen subset C of Ends(T ). Let H(C) denote the convex hull of C in T , the smallest subtree of T whose set of accumulation points in Ends(T ) is C. Equivalently, H(C) is the union of all bi-infinite geodesics in T whose endpoints lie in C. Under the inclusion H(C) → T we may identify Ends(H(C)) with C ⊂ Ends(T ).
Consider a quasi-edge
then by convexity at least one of the three or more components of T − v would be disjoint from both H(C 1 ) and H(C 2 ), and all the ends of T reachable by that component would be disjoint from both C 1 and C 2 , contradicting that E = {C 1 , C 2 } is a quasi-edge. A similar argument, together with connectivity of T , shows that either H(C 1 ) ∩ H(C 2 ) = ∅ or the shortest path in T connecting a point of H(C 1 ) to a point of H(C 2 ) is an edge. It follows that there is at least one edge e of T such that ∂e ∩ H(C i ) = ∅ for each i = 1, 2; moreover, if H(C 1 ) ∩ H(C 2 ) = ∅ then there are at least three such edges. Let Core(E) = Core(C 1 , C 2 ) denote the union of all such edges e; equivalently,
where N 1 denotes the neighborhood of radius 1 in T . Since N 1 (H(C i )) is convex it follows that Core(E) is a subtree of T . In fact Core(E) is a finite subtree: if it were an infinite subtree then it would accumulate on some end of T , producing a point contained in the closures of both C 1 and C 2 , contradicting that E = {C 1 , C 2 } is a quasi-edge. We have also seen that Core(E) contains at least one edge-it is not a single point. The number
is therefore a positive integer, called the quasi-edge distortion of E. Given a positive integer R, if R(E) ≤ R then we say that E is an R-quasi-edge.
It is obvious that if e is an edge, then the associated quasi-edge E(e) satisfies R = 1. Conversely, given a quasi-edge E = {C 1 , C 2 } with R(E) = 1, it follows that H(C 1 ) ∩ H(C 2 ) is a single edge e. Moreover the two sides of e must be H(C 1 ) and H(C 2 ), and so E = E(e).
As we saw above, a quasi-isometry takes quasi-edges to quasi-edges, and now we investigate how the quasi-edge distortion is affected by a quasi-isometry:
Lemma 14 (Behavior of quasi-edge distortion under a quasi-isometry).
For each K, C there exists a constant
Proof. There is a constant A depending only on K, C such that if γ is a bi-infinite geodesic in T with boundary ∂γ ⊂ Ends(T ) then φ(γ ∩ V ) is within Hausdorff distance A of the bi-infinite geodesic connecting the two points φ(∂γ). It follows that and so
The 0-skeleton of X. Consider the action of G on QE(T ). The 0-skeleton X 0 consists of the union of G-orbits of 1-quasi-edges of T . By Lemma 14 each element of X 0 is an R-quasi-edge where R = K + C + 2A, although perhaps not all R-quasi-edges are in X 0 . Clearly G acts on X 0 , because X 0 is a union of G-orbits of the action of G on the set of all quasi-edges QE(T ). Define a map f : X 0 → Verts(T ) by taking a quasi-edge E to any vertex in Core(E); by Lemma 14 this map is coarsely G-equivariant.
Since each edge e ⊂ T determines a 1-quasi-edge E(e), since E(e) ∈ X 0 , and since e = Core(E(e)), it follows that at least one of the two vertices of e is in f (X 0 ).
We claim that the cardinality f −1 (v) is uniformly bounded independent of v. It suffices to verify that there are boundedly many R-quasi-edges E such that v ∈ Core(E). To verify this, first note that the number of vertices of T within distance R of v is at most 1 + k(k − 1) R−1 , where k is the maximum valence of a vertex of T . It follows that there are boundedly many subtrees of T of diameter ≤ R containing v. For each such subtree C, there are boundedly many components of T − C. A quasi-edge with core C is determined by a partition of the component set of T − C into two subsets, and there are boundedly many such partitions. This proves the claim.
The 1-skeleton of X. We now extend the G-set X 0 to a 1-dimensional G-complex X 1 , by attaching edges to X 0 in two stages: first to make X 1 quasi-isometric to T , and second to extend the G action.
In the first stage, two vertices v, w ∈ X 0 are attached by an edge if
, f(w)) = 2 in T and the vertex of T between f (v) and f (w) is not in f (X 0 ). As noted above, each edge of T contains at least one endpoint in f (X 0 ). Already at this stage the 1-complex is connected, because for any v, w ∈ X 0 , if f (v) = f (w) then there is an edge from v to w, and if f (v) = f (w) then the path in T from f (v) to f (w) has at least every other vertex in image(f ). Any further attachment of cells of dimension ≥ 1 will preserve connectedness; we use this fact without comment from now on.
In the second stage, attach additional edges in a G-equivariant manner: given vertices v, w ∈ X 0 , if there exists h ∈ G such that h · v, h · w are attached by a first stage edge, and if v, w are not already attached by a first stage edge, then v, w are to be attached by a second stage edge. This defines a connected 1-complex X 1 , and an action of G on X 1 .
The map f : X 0 → T is extended over X 1 by taking each edge e ⊂ X 1 to the shortest path in T connecting f (v) to f (w), where ∂e = {v, w}.
Putting the usual geodesic metric on X 1 where each edge has length 1, we claim the map f : X 1 → T is a G-quasiconjugacy. To prove this, we've already shown that f X 0 is coarsely equivariant, and so it suffices to show that f X 0 is a quasi-isometry. To see why, note first that each first stage edge of X 1 maps to a path of length ≤ 2 in T , and each second stage edge maps to a path of length ≤ 2K + C, where K, C are quasi-isometry constants for the G-quasi-action on T ; this shows that f is coarsely lipschitz, in fact
since at least every other vertex w 0 , . . . , w k is in f (X 0 ) it follows there is an edge path in X 1 from v to v , consisting entirely of first stage edges, of length ≤ k. In either case we've shown that
We note some additional facts about the 1-complex X 1 :
(1) For each w ∈ Verts(T ) the set f −1 (w) ∩ X 0 has uniformly bounded cardinality.
(2) The vertices of X 1 have bounded valence.
(3) For each edge e of T and each x ∈ int(e), the set f −1 (x) is a finite set of uniformly bounded cardinality and diameter in X 1 .
Fact (1) was demonstrated earlier. Facts (2) and (3) both follow from Fact (1), together with the fact that for each edge v
is uniformly bounded, and the fact that an edge in X 1 is determined by its endpoints.
The 2-skeleton of X. We claim that there is a constant B such that attaching 2-cells along all simple loops in X 1 of length ≤ B results in a simply connected 2-complex. First note that there is a B such that all isometrically embedded loops have length ≤ B; this follows immediately from the fact that X 1 is quasi-isometric to a tree (indeed it holds for any Gromov hyperbolic graph). Any loop is freely homotopic to a concatenation of simple loops, and any simple loop is freely homotopic to a concatenation of isometrically embedded loops. Thus, once 2-cells are attached along all simple loops of length ≤ B, all loops are freely null homotopic, which proves the resulting 2-complex, X, is simply connected.
The action of G on X 1 clearly permutes the set of simple loops of length ≤ B, and therefore extends to an action of G on X.
It will be convenient, in what follows, to alter the cell-structure on X to obtain a simplicial complex. Since X 1 is already a simplicial complex, this can be done by taking each 2-cell σ, introducing a new vertex in the interior of σ, and connecting this new vertex to each original vertex of σ, thereby cutting σ into b 2-simplices where b is the number of edges of ∂σ. We put a G-equivariant geodesic metric on X so that each 2-simplex is isometric to an equilateral Euclidean triangle of side length 1. Now we extend the map f in a G-equivarian manner to obtain a map f : X → T . This map is already defined on the 1-skeleton of the original cellstructure on X. For each original 2-cell σ of f , let v(σ) be the new vertex in the interior of σ. Map v(σ) to any vertex in f (∂σ), and map the new edges to the unique geodesic in T connecting the images of the endpoints.
The inclusion X 1 → X is a quasi-isometry, and so the map f : X → T is a quasi-isometry. Clearly f quasiconjugates the G action on X to the original quasi-action on T .
Tracks.
Since G quasi-acts coboundedly on T , and since coboundedness is a quasiconjugacy invariant, it follows that G acts coboundedly on X. Using this fact, the proof of Theorem 1 will be finished quickly once we recall Dunwoody's tracks.
A track in a simplicial 2-complex Y is a 1-dimensional complex t embedded in Y such that for each 2-simplex σ of Y , t ∩ σ is a disjoint union of finitely many arcs, each of which connects points in the interiors of two distinct edges of σ. For each edge e of Y and each x ∈ t ∩ e, each 2-simplex σ incident to e therefore contains a component of t ∩ σ incident to x. A track t ⊂ Y has a normal bundle p: N (t) → t, consisting of a regular neighborhood N (t) ⊂ Y of t and a fiber bundle p: N (t) → t with interval fiber, such that p collapses each fiber to the unique point where that fiber intersects t. If Y is simply connected then the complement of each track in Y has two components; in particular, the track locally separates, i.e. its normal bundle is orientable. A track is essential if it separates Y into two unbounded components. Two tracks are parallel if they are ambient isotopic, via an isotopy of Y which preserves the skeleta.
In what follows, we shall assume that all tracks are finite.
Theorem 15 (Tracks theorem [Dun85] Now we prove Theorem 1. Apply Dunwoody's theorem to X obtaining a disjoint union of tracks τ = i τ i . Consider the closure A of a component of Y − τ . By Dunwoody's theorem, the set A has at most one end. We claim that in fact A is bounded; this follows from the fact that X is quasi-isometric to a tree, by a standard argument which we now recall.
Suppose that A is unbounded. Let Stab(A) be the subgroup of Isom(X) that stabilizes A. Since Isom(X) acts coboundedly on X it follows that Stab(A) acts coboundedly on A. Choose a sequence of points x 0 , x 1 , x 2 , . . . ∈ A, all in the same orbit of Isom(A), such that (x i ) escapes to infinity in X, and so by passing to a subsequence we may assume that (x i ) converges to some end η of X. Since A is connected, its image under the quasi-isometry X → T contains a ray converging to η, and so we may assume that x 0 , x 1 , x 2 , . . . lie on a quasigeodesic ray in X converging to η. Choose g i ∈ Stab(A) such that g i (x i ) = x 0 . Since X is quasi-isometric to a tree, and since x 0 , x 1 , x 2 , . . . lie on a quasigeodesic ray converging to η, there exists R > 0 such that for all sufficiently large i the compact set N R (x i ) separates x 0 from η. It follows We now construct a map from X to a tree T , equivariant with respect to G, in fact equivariant with respect to the entire isometry group of X. Choose an equivariant system of regular neighborhoods N i = N (τ i ), and choose equivariantly a fibration of N i by tracks parallel to τ i . The tree T is the quotient of X obtained by collapsing the closure of each component of X − ∪N i to a point producing a vertex of T , and collapsing each of the parallel tracks in N i to a point producing an edge of T . The quotient map X → T is equivariant, and it is a quasi-isometry because the point inverse images are bounded.
This finishes the proof of Theorem 1.
4. Application: Quasi-isometric rigidity for graphs of coarse PD(n) groups 4.1. Bass-Serre theory.
We review briefly graphs of groups, their Bass-Serre trees, and associated topological spaces [Ser80] , [SW79] .
A graph of groups is a graph or 1-complex Γ, together with the following data: a vertex group Γ v for each vertex v ∈ Verts Γ; an edge group Γ e for each e ∈ Edges(Γ); and for each end η of each edge e, with v(η) the vertex incident to η, an injective edge-to-vertex homomorphism γ η : Γ e → Γ v(η)
where the indicated gluing is carried out for each edge e, each x ∈ Y e , and each end η of e. The homotopy type of Y is completely determined independent of the choices of Y v , Y e , and f η , and the fundamental group of Y is defined to be the fundamental group of Γ.
The Bass-Serre tree of Γ can also be defined topologically, as follows. Define the fibers of Y to be the images under the above quotient of the vertex spaces Y v and the spaces Y e × x, x ∈ int(e). In the universal cover Y , the connected lifts of the fibers of Y are defined to be the fibers of Y . The quotient space of Y obtained by collapsing each fiber to a point is a tree T on which π 1 Γ acts, with quotient Γ. The graph of groups structure on Γ can be recovered using the vertex and edge stabilizers of T and the inclusion maps from edge stabilizers to vertex stabilizers.
Let Γ be a graph of groups. The universal cover Y equipped with its quotient map Y → T is an example of a "tree of spaces" for Γ, a concept which we now generalize. A tree of spaces for Γ consists of a cell complex X on which π 1 Γ acts properly by cellular automorphisms, together with a π 1 Γ-equivariant cellular map π: X → T , such that the following properties hold:
• For each vertex v of T , the set X v = π −1 (v) is a connected subcomplex of X called the vertex space of v, and the stabilizer group of v,
• Regarding X e = π −1 (mid(e)), the map ξ ev moves each point of X e a bounded distance in X to a point of X v . If Γ is a finite graph of finitely generated groups, one can construct a tree of spaces π: X → T on which the action of π 1 Γ is cobounded, by choosing the vertex and edge spaces so that the action of the corresponding stabilizer is cobounded, for example by taking Cayley graphs. Then one chooses cellular edge-to-vertex maps ξ ev : X e → X v , so that π 1 Γ acts equivariantly on this data. Define X by gluing up the edge and vertex spaces, that is:
The projection map ( v X v ) ( e X e × e) → T , which takes X v to v and X e × e to e by projection, agrees with the gluings and therefore defines the map π: X → T .
Geometrically homogeneous graphs of groups.
A finite graph of finitely generated groups Γ is geometrically homogeneous if any of the following equivalent conditions hold:
• T has bounded valence;
• each edge-to-vertex injection γ η of Γ has finite index image;
• each edge-to-vertex injection γ η of Γ is a quasi-isometry;
• each edge-to-vertex map ξ ev of X is a quasi-isometry;
• any two edge or vertex spaces in X have finite Hausdorff distance in X.
In the last three statements, we use any finitely generated word metric on the edge and vertex groups, geodesic metrics on the edge and vertex spaces, and a geodesic metric on X, on which the appropriate groups act isometrically. Note that the first two statements are equivalent for any finite graph of groups, regardless of whether the edge and vertex groups are finitely generated. As proved in [BK90] , if these properties hold then the Bass-Serre tree T satisfies a trichotomy: either T is bounded; or T is line-like meaning that it is quasiisometric to a line; or T is bushy. In the latter case we will also say that the graph of groups Γ is bushy.
Geometric homogeneity implies that all edge and vertex spaces of X, and all edge and vertex groups of Γ, are in the same quasi-isometry class. The converse does not hold, however: for a counterexample, take a group G having a monomorphism φ: G → G with infinite index image, for instance a finite rank free group, and consider the HNN amalgamation G * φ .
Weak vertex rigidity.
Let Γ be a geometrically homogeneous graph of groups with bushy BassSerre tree T , and choose a tree of spaces π: X → T for Γ.
Let H be a group and let (h, x) → h · x be a K, C-quasi-action of H on X. We say that the quasi-action satisfies weak vertex rigidity if there exists R ≥ 0 such that for each h ∈ H and each vertex v ∈ Verts(T ) there is a vertex v ∈ Verts(T ) such that
We claim that h → A h is a quasi-action of H on T . To verify this we must estimate the sup distance between A hh and A h • A h . If we set
And if we set
and so
showing that the sup distance between A hh and A h • A h is at most KR + 2C + 2R. In other words, any weakly vertex rigid quasi-action of a group H on the tree of spaces X induces a quasi-action of H on the Bass-Serre tree T . In this situation we can apply Theorem 1, obtaining a quasiconjugacy f : T → T from an isometric action of H on a bounded valence, bushy tree T to the induced quasi-action of H on T .
When the original quasi-action of H on X is cobounded and proper, evidently the induced quasi-action of H on T is cobounded, and so the isometric action of H on T is cobounded. Thus the quotient Γ = T /H may be regarded as a geometrically homogeneous graph of groups with fundamental group H. In this situation it easily follows that for each vertex v of T , the stabilizer subgroup Stab H (v ) is finitely generated, and so we may construct a cobounded tree of spaces π : X → T for the graph of groups Γ .
We now have most of the pieces in place for the following result: Proof. Construct the quasiconjugacy F as follows: choose arbitrarily a point x ∈ X and its image x = F (x ) ∈ X. For each point x ∈ X in the H-orbit of x , choose arbitrarily h ∈ H so that h · x = x , and define F (x ) = h · x. For any other point x ∈ X, choose arbitrarily a closest point x in the H-orbit of x , and define F (x ) = F (x ). It is straightforward to check that F is an H-quasiconjugacy, and that the two maps π • F, f • π : X → T have bounded distance in the sup norm. The coarse inverseF is similarly constructed.
To complete the proof it suffices to show that vertex spaces of X and X are quasi-isometric, and for this it suffices to show that for each vertex
⊂ X fv follows from coarse commutativity of the left-hand square, for π (F (X v )) is contained in a uniformly bounded neighborhood of fv , which implies in turn that F (X v ) c ⊂ X fv . Together with coarse commutativity of the right-hand square we getF (X fv )
Putting these together we see that
Coarse Poincaré duality spaces and groups.
Proposition 16 has a strong hypothesis, namely weak vertex rigidity. In this section we prove the proposition that any bushy graph of coarse PD(n) groups with fixed n satisfies weak vertex rigidity. Combined with Proposition 16 this will finish the proof of Theorem 2.
In [FM98] it was proved that any bushy graph of Z's satisfies weak vertex rigidity, using the coarse algebraic topology first developed in [FS96] . In [FM00] the same argument was generalized to certain bushy graphs of aspher-ical n-manifold groups for fixed n, with extra hypotheses added to ensure that at no place in the argument did one leave the category of aspherical manifolds, in order that coarse algebraic topology could still apply (these extra hypotheses would be unnecessary if the Borel Conjecture were true). With the theory of coarse Poincaré duality spaces developed by Kapovich and Kleiner [KK99] , the same argument can now be further generalized. We begin by recalling some basic concepts from the cohomology of groups [Bro82] .
A group G is of type FP if Z admits a finitely generated projective resolution of finite length over ZG; equivalently, there is a finite CW complex which dominates any K(G, 1). The cohomological dimension cd(G) of an FP group G is the smallest n for which there exists a finitely generated projective resolution 0 → P n → · · · → P 0 → Z → 0 over ZG.
A group G is of type FL if Z admits a finitely generated free resolution of finite length over ZG. A group G has finite type if there is a finite K(G, 1) CW complex. The Eilenberg-Ganea Theorem ([Bro82], Theorem 7.1) shows that G has finite type if and only if G is finitely presented and of type FL; if this is the case, moreover, then there exists a finite K(G, 1) of dimension max{3, cd(G)}.
An FP group G is of type PD(n), n ≥ 1, if the canonical cohomology H i (G; ZG) is Z when i = n and is trivial otherwise; in this case, n = cd(G). Mike Davis has examples of PD(n) groups in every dimension n ≥ 4 which are not of type FL and hence not finitely presented [Dav98] .
Next we review the concepts of coarse Poincaré duality spaces from [KK99] , extending these concepts from simplicial complexes to CW complexes.
Given a finite dimensional CW complex X, we define what it means for X to have bounded geometry. This means that each point of X touches a uniformly bounded number of closed cells, and loosely speaking there is a uniformly finite set of models for the attaching maps of cells. The formal definition uses induction on dimension, as follows. A 1-dimensional CW complex X 1 has bounded geometry if the valence of 0-cells is uniformly bounded; note that for each R there are only finitely many cellular isomorphism classes of connected subcomplexes of X 1 containing ≤ R cells. Suppose X n+1 is an n + 1 dimensional CW complex whose n-skeleton X n has bounded geometry, and assume inductively that for each R there are only finitely many cellular isomorphism classes of connected subcomplexes of X n containing ≤ R cells. Then X n has bounded geometry if there exists an integer A > 0 with the following properties:
• Each point of X n touches at most A closed cells of dimension n + 1.
• For each n +1 cell e with attaching map α e : S n → X n , the set image(α e ) is a subcomplex of X n with at most A cells.
• Up to postcomposition by cellular isomorphism, there are at most A different attaching maps S n αe −→ image(α e ), as e varies over all n+1 cells.
It follows that for each R there are only finitely many cellular isomorphism classes of connected subcomplexes of X n+1 with ≤ R cells, completing the induction. Given two bounded geometry CW complexes X, Y , suppose f : X → Y is a cellular map, meaning that f (X n ) ⊂ Y n and the image of each cell of X is a subcomplex of Y . We say furthermore that f has bounded geometry if there is a uniformly finite set of models for the maps from cells of X to their images in Y ; formalizing this along the above lines is straightforward.
For example, the universal cover X of a finite CW complex X has bounded geometry. Also, if f : X → Y is a cellular map between finite CW complexes then any lift f : X → Y has bounded geometry.
Given a bounded geometry CW-complex X and a subcomplex L, the i th combinatorial neighborhood N i (L) is a subcomplex of X defined inductively as follows: N 0 (L) = L; and N i+1 (L) is the union of all closed cells intersecting N i (L). Intuitively, we imagine that X has a geodesic metric in which each 1-cell is an arc of length 1, each cell has diameter 1, and disjoint cells have distance ≥ 1; with such a geodesic metric, N i (L) would be the true metric neighborhood about L of radius i, and the inclusion X 1 ⊂ X would be a quasi-isometry. In fact one can pick a geodesic metric on X having only finitely many isometry types of connected subcomplexes of dimension ≤ R for each R, so that the inclusion X 1 ⊂ X is a quasi-isometry, and so if B(L, r) denotes the metric neighborhood about a subcomplex L then we have B(L,
We are therefore free to treat the neighborhood N i (L), for quasi-isometric purposes, as a metric neighborhood.
Suppose X is a bounded geometry CW complex. We say that X is uniformly contractible if for each R there exists R = R (R) > R such that each subcomplex L with Diam(L) ≤ R is contractible to a point in N R (L) (here and in the sequel, "distance" measurements in X such as R and R are implicitly assumed to be nonnegative integers).
We say that the CW chain complex C * (X) is uniformly acyclic if for every R there exists R = R (R) > R such that for every subcomplex L ⊂ X with Diam(L) ≤ R the inclusion L → N R (L) induces the trivial map on reduced homology.
Let C * c (X) be the compactly supported CW cochain complex, let n be the topological dimension of X, and suppose we are given an n-dimensional augmentation, which means a surjective homomorphism C n c (X) α −→ Z with the property that the augmented sequence
is a cochain complex. We say that the augmented cochain complex (C * c (X), α) is uniformly acyclic if there exists R 0 , and for each R ≥ R 0 there exists R = R (R) > R, such that the following hold:
• for all vertices v and all R ≥ R 0 the image of the restriction map
, a bounded geometry, uniformly acyclic CW complex X is a coarse PD(n) space if there exist chain maps
such that the mapsP • P , P •P are each chain homotopic to the identity via respective chain homotopies
and there exists a constant D ≥ 0 such that for all cells σ of X, the supports of each of P (σ),P (σ), Φ(σ),Φ(σ) lie in N D (σ).
Lemma 17. If X is an n-dimensional, bounded geometry CW complex, then X is a coarse PD(n) space if and only if there exists an n-dimensional
Proof. The "if" direction comes from [KK99] . For the "only if" direction, take α to be the composition of the duality map P : C n * (X) → C 0 (X) with the ordinary augmentation C 0 (X) → Z.
The main fact we will need about coarse PD(n) spaces is the coarse separation theorem of [KK99] , which says that a uniformly proper embedding of a coarse PD(n − 1) space in a coarse PD(n) space coarsely separates the target into exactly two deep components.
We define a coarse PD(n) group to be a group G which quasi-acts properly and coboundedly on some coarse PD(n) space X of topological dimension n; equivalently, G is quasi-isometric to X. As a shorthand, a coarse PD(n) space of topological dimension n is called a good coarse PD(n) space. Thus, a coarse PD(n) group is one which is quasi-isometric to a good coarse PD(n) space.
For example, if G is a PD(n) group of finite type then G is a coarse PD(n) group. If n = 2 this follows from the Eckmann-Müller theorem which implies that G is the fundamental group of a closed, aspherical surface (see [Bro82, p. 223] ). If n ≥ 3, the Eilenberg-Ganea theorem ([Bro82, Th. 7.1]) says that G has an n-dimensional, finite K(G, 1) space K, and the action of G on the universal cover of K demonstrates that G is a coarse PD(n) group.
The coarse PD(n) property of a group is by definition a quasi-isometry invariant. In particular it follows that groups which are virtually PD(n) of finite type are coarse PD(n).
Bushy graphs of coarse PD(n) groups.
Here is a restatement of Theorem 2:
Theorem 18. Given n ≥ 0, if Γ is a finite graph of coarse PD(n) groups with bushy Bass-Serre tree, and if G is a finitely generated group quasiisometric to π 1 Γ, then G is the fundamental group of a graph of groups with bushy Bass-Serre tree, and with vertex and edge groups quasi -isometric to those of Γ.
For expository purposes we will describe the proof in detail under the following:
Standing assumption. Each vertex and edge group ACTS, properly and coboundedly, on a good coarse PD(n) space.
In other words, while the coarse PD(n) property for groups only requires the group to quasi-act, our standing assumption replaces this with the stronger requirement that the group acts. Once the proof is complete under this assumption, we sketch the changes needed to cover the general case.
To start with we construct a tree of spaces π: X → T by choosing vertex spaces and edge spaces which are good coarse PD(n) spaces on which the respective vertex and edge groups act properly and coboundedly by cellular automorphisms; also, choose bounded geometry edge-to-vertex maps. This construction is possible, first of all, because of the standing assumption above. Secondly, we need to make use of the fact that in a geometrically homogeneous graph of groups, each edge-to-vertex map is a quasi-isometry; and so in our present situation where the edge and vertex spaces are bounded geometry it follows that the edge-to-vertex maps can each be moved a bounded distance in the sup norm to a bounded geometry map. This can be done equivariantly, because of the standing assumption, and by gluing we obtain the required π: X → T .
Note that X is a bounded geometry n + 1 complex. This follows because the constants for the bounded geometry of vertex and edge spaces and the constants for the bounded geometry of edge-to-vertex maps are uniformly bounded.
Given a bi-infinite line L ⊂ T , the subcomplex X L = π −1 (L) is called the hyperplane in X lying over L. Each hyperplane is a bounded geometry n + 1 complex, and is uniformly properly embedded in X. Lemma 20 will show that each X L is a good coarse PD(n + 1) space.
Proposition 19. Let P be a good, coarse PD(n + 1) space. For every K ≥ 1, C ≥ 0, and every proper function ρ:
This is the exact analogue of Theorem 7.3 in [FM00] , and will be proved below.
Proof : Theorem 18 reduces to Proposition 19. The proof follows [FM00, §7.2,
Step 2] very closely; here is a sketch.
Combining with Proposition 16, it remains to show that any quasi-action on X satisfies weak vertex rigidity. For this we need only show the following: if X → T is another tree of spaces associated to a geometrically homogeneous graph of coarse PD(n) groups, then for each K, C there exists A such that if f : X → X is a K, C-quasi-isometry and if v ∈ T is a vertex then there is a
must therefore be uniformly Hausdorff close to the coarse intersection of the hyperplanes
X L 1 , X L 2 , X L 3 . The three lines L 1 , L 2 , L 3 must
intersect pairwise in rays, and these three rays have infinite Hausdorff distance in
We turn now to the proof of Proposition 19. The reader who is interested in most real life examples can refer to [FM00, Th. 7 .3] where the proof is given under the following special circumstances: the vertex and edge groups of Γ are fundamental groups of closed, smooth, aspherical manifolds in a category C which is closed under finite covers, and which has the property that any homotopy equivalence between manifolds in C is homotopic to a diffeomorphism. For example: euclidean manifolds; hyperbolic manifolds; irreducible, nonpositively curved symmetric spaces; solvmanifolds; and nilmanifolds.
The proof of Proposition 19 follows the same outline as Theorem 7.3 of [FM00] , but with many changes of details needed to accommodate coarse PD(n) groups.
Pick a topologically proper embedding of
Extend the CW structure on T to a CW structure on D, by using the product structure on Applying the coarse Jordan separation theorem of [KK99] together with Lemma 20 it follows that there exists R > 0 independent of L such that Y − N R (f (P )) has exactly two components A, A which are deep, meaning that each of A, A contains points arbitrarily far from f (P ).
Since f (P ) ⊂ X and since each component of Y − X is deep, it follows that each component of Y − X is coarsely contained in one of A, A , and each of A, A coarsely contains at least one component of Y − X. We may therefore find two components U, U of Y − X coarsely contained in A, A respectively, such that U, U are adjacent in Y −X, meaning that U ∩U = π −1 (E 0 ) for some edge E 0 of T . Letting E n denote the neighborhood of radius n about E 0 in T , a simple inductive argument shows that E n contains an embedded edge path γ n of length 2n + 1 centered on E 0 such that π −1 (γ n ) is coarsely contained in f (P ) with uniform coarse containment constant; if this were not so then as in 
The coboundary operator of each coefficient complex
The coboundary map of C * c (D) together with the restriction maps of the coefficient bundle determine a map
We have an isomorphism
and under this isomorphism the cochain map for C * c (Y ) corresponds to the map
The E 1 term of the spectral sequence is given by
and the spectral sequence collapses at the E 2 term with
This shows at least that Y has the correct cohomology for a coarse PD(n + 2) space: H n+2 c (Y ) = Z and H i c (Y ) = 0 for i = n + 2. But we must still verify the uniformity criteria, and for this we look more closely at the representation of C * c (Y ) using the double complex E 0 . The CW complex Y has topological dimension n + 2, and so to verify that Y is a good coarse PD(n + 2) space using Lemma 17 we must construct an n + 2 dimensional augmentation α for 
It is clear from the spectral sequence that α determines an isomorphism Case 1: k < n + 2. Using the double complex E 0 we may write
Since γ is a coboundary, there exists ρ
is uniformly acyclic with uniform constants, and so in each stalk of the coefficient bundle C * c (Y) we can choose ρ 0,k−1 to have support contained in a uniformly bounded neighborhood of supp(γ 0k ). Subtracting (d + (−1) k−1 δ)ρ 0,k−1 from γ it suffices to assume that ρ 0,k−1 = 0 and so we have dρ 1,k−2 = γ 1,k−1 . Repeating the argument, we can choose ρ 1,k−2 to have support contained in a uniformly bounded neighborhood of supp(γ 1,k−1 ).
Case 2: k = n + 2. We have γ = γ 2,n , and since γ is a coboundary it follows that α(γ) = 0. We may write γ
We may reduce to the case that gcf{α b (γ b )} = 1. To see why, for each b choose 
We shall now construct, uniformly for each 1-cell a ∈ supp(ρ D ), an element , a 0 , b 1 , a 1 , . . . , b r , a r = a so that r is uniformly bounded (r ≤ xR + y, with x, y depending only on D), and so that
Noting that η ba andη ab each commute with augmentations, it follows that
and so for each a we have gcf b {α a (γ b a )} = 1. This implies that we can find a linear combination in 
and the n+1-cocycle inside the parentheses has support contained in a uniform neighborhood of supp(γ). This completes the proof of Lemma 20, Proposition 19, and Theorem 18, under the standing assumption.
Removing the standing assumption. For the general proof we choose, for each vertex or edge group, a vertex and edge space on which the corresponding group quasi-acts properly and coboundedly, and which is a good coarse PD(n) space. We can still glue the vertex and edge spaces together to form a tree of spaces π: X → T , and all the key geometric properties hold: X is bounded geometry, and the hyperplanes X L are still good coarse PD(n + 1) spaces. Moreover, we can extend this to π: Y → D as before, where Y is a good coarse PD(n + 2) space.
What we have lost is that the group π 1 Γ no longer acts on X. However, the key point is that π 1 Γ still quasi-acts on X, properly and coboundedly. It follows that π 1 Γ, as well as any group quasi-isometric to π 1 Γ, is quasi-isometric to X. Moreover, the proof that π: X → T satisfies weak vertex rigidity is exactly the same, and so Theorem 18 is proved.
Remark on "coarse fibrations". With the proper notion of a coarse fibration, the proof above generalizes to show that any "coarse fibration" over a good coarse PD(m) base space with good coarse PD(n) fiber is a good coarse PD(m + n) space. This implies a generalization of a theorem of Bieri [Bie72] and Johnson-Wall [JW72] saying that any extension of a PD(m) group by a PD(n) group is PD(m + n); the generalized statement replaces "PD(n) group" by "coarse PD(n) group".
Application: Actions on Cantor sets
We shall prove Theorem 5 about uniformly quasiconformal actions on Cantor sets, Theorem 7 about uniform quasisimilarity actions on the n-adic rational numbers, and the corollaries to these theorems.
Uniformly quasiconformal actions.
Theorem 5 is an almost immediate corollary of Theorem 1, once we review the results of [Pau96] which prove the equivalence of various notions of quasiconformality for homeomorphisms between boundaries of Gromov hyperbolic spaces, all of which are equivalent to being the extension of a quasi-isometry; see [Pau96] and [Pau95] for the history of these various notions.
First we review a notion of quasiconformality which was developed for rank one symmetric spaces by Pansu [Pan89a] and generalized to word hyperbolic groups by Paulin [Pau96] . Let X, Y be proper, geodesic hyperbolic metric spaces with cobounded isometry groups. Let H(∂X, ∂Y ) denote the space of homeomorphisms from ∂X to ∂Y with the compact open topology. For each compact set K ⊂ H(∂X, ∂Y ), a homeomorphism f : ∂X → ∂Y is said to be K-quasiconformal if for each isometry α: X → X there exists an isometry
Next we review a notion of quasiconformality based on cross-ratio. Consider a proper, geodesic, hyperbolic metric space X, and let ∂ 4 X denote the space of ordered 4-tuples of pairwise distinct points in ∂X. The cross-ratio on ∂X is the function which assigns to each (a, b, c, d) ∈ ∂ 4 X the positive number
where the sequences x i , y i , z i , t i are in X and the convergence to a, b, c, d, respectively, takes place in the Gromov compactification X = X ∪ ∂X. When X = T is a tree, no matter how these sequences are chosen the expression in the parentheses eventually takes on the same constant value, which is described simply as follows. Proof of Theorem 5. Let T be a bushy tree of bounded valence, and let A: G × B → B be a uniformly quasiconformal action of G on B = ∂T whose induced action on the triple space of B is cocompact. For each g ∈ G apply Theorem 21 to extend the map A g : B → B to a K, C quasi-isometry α g : T → T , with K, C independent of g. For any g, g ∈ G, since α g • α g is a K 2 , KC + C quasi-isometry, the following standard lemma shows that α g • α g is a bounded distance in the sup norm from α gg , proving that g → α g is a quasi-action of G on T : Since the action of G on the triple space of B is cocompact, it follows that the quasi-action g → A g is cobounded. Applying Theorem 1 to the quasi-action g → A g we finish the proof of Theorem 5.
Proof of Corollary 6. Let α : G → Isom(T ) be the action produced by Theorem 5, so that B is identified quasiconformally with ∂T . By coboundedness of the action, it follows that the quotient graph of groups Γ = T /G is finite. Since T has bounded valence, Γ has finite index edge-to-vertex injections. Given a subgroup H of G, suppose the action of H on the space of distinct pairs in B has precompact orbits. This implies that the action of H on T has bounded orbits, which implies that H fixes some vertex of T .
Remark. In Section 2.2 of [Pau96] there is another intrinsic notion of a quasiconformal structure on ∂X, based on moduli of annuli, which says roughly that a homeomorphism is quasiconformal if it stretches the moduli of annuli by a uniform amount; the modulus stretching function φ is then a measure of uniformity of the homeomorphism. However, this measure of uniformity does not agree uniformly with the ones used in Theorem 21; for example, as noted at the end of [Pau96, §2.2], isometries of X do not even extend with uniform quasiconformality modulus φ. Perhaps with some tinkering this notion of quasiconformality could be made to agree uniformly with the others.
Remark. It could be interesting to have an intrinsic notion of a conformal structure on a Cantor set B so that a homeomophism B f −→ ∂T , where T is a bounded valence, bushy tree, determines a conformal structure on B with the property that conformal homeomorphisms are the same as boundary extensions of isometries of T . Paulin's paper discusses conformal structures on boundaries of Gromov hyperbolic metric spaces, but these do not behave well on Cantor set boundaries or other boundaries which do not have a sufficiently rich set of arcs; for example, using that notion of conformality one can find conformal maps of ∂T whose extension to T can be made isometric outside of a finite subtree of T , but which cannot be made isometric on all of T . Instead, it might be possible to use quasi-edges to come up with a better behaved notion of conformality on B.
Uniform quasisimilarity actions on n-adic Cantor sets.
First we review some basic notions about maps of metric spaces. Recall from the introduction that given a metric space X, a K-quasisimilarity is a bijection f : X → X such that
If K is unspecified in either of these definitions then f is called simply a quasisimilarity or bilipschitz, respectively.
We use the notation r · Next we review results from [FM98] concerning the connection between Q n and trees.
Let T n be the homogeneous directed tree with one edge pointing towards each vertex and n edges pointing away, and put a geodesic metric on T n where each edge has length 1. In the end space ∂T n , a Cantor set, there is a unique end denoted −∞ which is the limit point of any ray in T n obtained by starting at a vertex in T n and travelling backwards against the direction of edges. There is a height map ht: T n → R which takes each directed edge of T n isometrically to a directed interval [i, i + 1] with integer endpoints; the map ht is unique up to postcomposition by translation of R by an integer amount, and we shall fix once and for all a choice of ht. For each i ∈ Z the set ht There is a homeomorphism between ∂T n − {−∞} and Q n , determined uniquely up to isometry of Q n by the property that for all ξ = η ∈ Q n , if the vertex at which ξ and η diverge from each other has height h then
We get an explicit picture of T n as follows.
A clopen in a topological space is a subset which is both closed and open. The separation of a subset U in a metric space X is defined to be
A clone in Q n is a certain kind of clopen, defined as follows. Given an integer h, define an equivalence relation on Q n where ξ, η ∈ Q n are equivalent if ξ i = η i for all i ≤ h; the equivalence classes are called clones of height h, and each of them is a clopen in Q n . Thus, there is one clone of height h for every sequence ω = (ω i ) h i=−∞ in Z/n satisfying the property that ω i is eventually zero as i → −∞; the integer h, which specifies that the domain of the sequence ω is the interval (−∞, h], is also called the height of the sequence ω.
There is a one-to-one, height preserving correspondence between vertices of T n and clones of Q n , where the vertex v corresponds to the clone U ω if and only if the positive endpoints of the coherent lines passing through v are exactly the points of the clone U ω ; we write v = v ω and ω = ω v to emphasize this correspondence. Note also that the structure of T n as an oriented tree corresponds to the inclusion structure among clones: there is a directed edge v ω → v ω if and only if U ω ⊂ U ω and no other clone is nested strictly between U ω and U ω ; moreover this occurs if and only if ω has some height h, ω has height h + 1, and ω i = ω i for all i ≤ h. Now we describe certain isometries and quasi-isometries of T n and their effect on Q n .
A height translation of T n is an isometry f : T n → T n with the property that h 0 = ht(f (v)) − ht(v) is constant for v ∈ T n ; the constant h 0 is called the height translation length of f , and f is called more specifically an h 0 -height translation. Height translations form a subgroup of the full isometry group of T n , in fact they are exactly the orientation preserving isometries of T n . Height translations of T n are related to similarities of Q n as follows:
Proposition 23. Continuous extension defines an isomorphism between the height translation group of T n and the similarity group of Q n . The extension to Q n of an h 0 -height translation of T n is an n −h 0 similarity of Q n . In particular, the height preserving isometry group of T n corresponds to the isometry group of Q n .
We also need a quasification of Proposition 23. A quasi-isometry f : The quasification of Proposition 23 says roughly speaking that continuous extension defines a "uniform" isomorphism between the coarse height translation group of T n and the quasisimilarity group of Q n :
Proposition 24. For each K ≥ 1 there exist constants K ≥ 1, C ≥ 0, A ≥ 0, R ≥ 1 with the following properties:
Conversely, for each
Proof of Theorem 7. Fix a uniform quasisimilarity action of a group G on Q n , n ≥ 2, and suppose that the induced action of G on the space of distinct doubles of Q n is cocompact.
We must produce a bilipschitz homeomorphism Q n → Q p which conjugates the G action on Q n to a similarity action on Q p .
Step 1: A topological conjugacy. Using Proposition 24 together with Lemma 22, the uniform quasi-similarity action of G on Q n extends to a quasiaction of G on T n by uniformly coarse height translations. Moreover, coboundedness of the G-action on the double space of Q n translates to coboundedness of the G-quasi-action on T n .
Apply Theorem 1 to get a new tree T , a cobounded isometric action of G on T , and a quasiconjugacy f : T → T n with continuous extension F : ∂T → ∂T n . Since the quasi-action of G on T n fixes the end −∞, the action of G on T fixes the end F −1 (−∞) which we also denote as −∞. Orient T away from −∞, and so the G-action respects this orientation. The downward valence at each vertex of T with respect to this orientation equals 1. Now we make some simplifications to T . First, we may assume:
( * ) T has no valence 1 vertices.
For if there is a valence 1 vertex, incident to an edge e, we may equivariantly collapse all edges in the orbit G · e producing a new tree T on which G acts, and a G-equivariant collapsing map T → T . The collapsing map T → T is a quasi-isometry because each component of the forest ∪G · e is a graph of uniformly finite size: in fact, each component is a star graph with k valence 1 vertices for some constant k and with one vertex of valence k. Replacing T with T reduces the number of vertex orbits, of which there are finitely many. Continuing inductively, eventually ( * ) is established. At this stage, the quotient graph T /G is a connected directed graph, with inward valence 1 at each vertex, and outward valence at least 1. It follows that T /G is a circle with one or more vertices, all of whose directed edges agree with some global orientation on the circle.
For the second simplification, we may assume:
• T has exactly one orbit of vertices and one orbit of edges, or in other words the directed graph T /G is a circle with one vertex and one edge.
If this is not so, consider any edge e of T , pointing toward a vertex ∂ + e, and pointing away from a vertex ∂ − e in a different orbit than ∂ + e. Since ∂ + e = ∂ − e, and since no other edge in the orbit G · e points toward ∂ + e, it follows that the components of ∪G · e are graphs of uniformly finite size. Collapsing all edges in the orbit G · e produces a tree T on which G acts and a G-equivariant, quasi-isometric collapse T → T . Replacing T by T and continuing inductively, eventually ( * * ) is established. With ( * ) and ( * * ) established, T is an oriented tree on which G acts, transitively on vertices and on edges, with downward valence 1 and constant upward valence p for some integer p ≥ 2. In other words, we may identify T = T p as oriented trees. Extension of the G-action on T p gives a similarity action on Q p . Since the quasiconjugacy f : T p → T n takes the −∞ ∈ ∂T p to −∞ ∈ ∂T n , it follows that f induces a topological (indeed quasiconformal) conjugacy F : Q p → Q n between G-actions.
Step 2: F is bilipschitz. We will reduce this statement to Claim 25 which describes the effect of F on clones of Q p ; in Step 3 we will prove Claim 25.
Let U h be the set of height h clones in Q p , and let F (U h ) = {F (U ) U ∈ U h } be the set of image clopens in Q n .
Claim 25. There exists λ > 1 and an interval
Using this claim we show that F is bilipschitz.
First we evaluate λ. Since each element of U h subdivides into p disjoint elements of U h+1 , it follows that each element F (U ) ∈ F (U h ) is partitioned into p disjoint elements of F (U h+1 ); moreover, by Claim 25 the diameters of these partition elements shrink by a factor of λ relative to the diameter of F (U ), up to a bounded multiplicative error. A simple calculation shows that the Hausdorff dimension of Q n equals log λ p. But we know that the Hausdorff dimension of Q n equals 1, proving that λ = p Consider now two points x, y ∈ Q p , and let U ∈ U h be the smallest clone of Q p containing x, y, so
We also have:
And, since x, y are contained in distinct level h + 1 clones U x , U y we have
and so F is bilipschitz.
Step 3: Proof of Claim 25. The similarity action of G on Q p induces a stretch homomorphism s: G → (0, ∞) defined by the property that g is an s(g)-similarity for each g ∈ G. Let G 0 = Ker(s), and so G 0 is the subgroup of G acting isometrically on Q p . The quotient group G/G 0 ≈ image(s) is infinite cyclic. Choose an infinite cyclic subgroup Z = z of G such that the projection from Z to G/G 0 is an isomorphism. To prove the claim we shall show:
(1) The action of G 0 on Q n is uniformly bilipschitz: there exists R ≥ 1 such that each g ∈ G 0 is a R-bilipschitz homeomorphism of Q n .
(2) There exists λ > 1 and an interval
To see why this proves the claim, note first that G acts transitively on vertices of T p and so G 0 acts transitively on each level of T p , in particular on level zero. This shows that G 0 acts transitively on the clones U 0 of Q p . Since F : Q p → Q n is G 0 -equivariant it follows that G 0 acts transitively on the clopens F (U 0 ) of Q n . Together with (1) above it follows that the diameters and separations of the clopens in F (U 0 ) are all bounded multiples of the diameter and separation of a single clopen in F (U 0 ), all lying in some fixed interval [R −1 , R]. Next, note that the action of z k on vertices of T p induces a bijection from level 0 vertices to level k vertices; it follows that the action of z k on Q p induces a bijection from U 0 to U k , and so the action of z k on Q n induces a bijection from F (U 0 ) to F (U k ). Using (2) above it follows that the diameters and separations of all the clopens in
This establishes Claim 25. The proofs of (1) and (2) rely on some general results about infinite cyclic uniform quasisimilarity actions on metric spaces. First we have the following result from [FM99] , which occurs in Proposition 3.3, Step 4:
Lemma 26. If f n : X → X, n ∈ Z, is a uniform quasisimilarity action of the infinite cyclic group Z on a metric space X, then there is a unique number λ ∈ (0, ∞) with the following property: for each n ∈ Z the map f n is λ n · [K −1 , K]-bilipschitz, where K depends only on the quasisimilarity constant of the action (f n ).
The map n → λ n is called the stretch homomorphism of the infinite cyclic uniform quasisimilarity action (f n ). Note that (f n ) is uniformly bilipschitz if and only if the stretch homomorphism is trivial.
Next we have a generalization of [FM99, Prop. 3 .3], giving a topological characterization of when an infinite cyclic uniform quasisimilarity action is uniformly bilipschitz. Given a topological space X and an infinite cyclic action f n : X → X, n ∈ Z, we say that the action is locally homothetic at the point x ∈ X if f n (x) = x for all n, and in either the positive or negative direction points near x converge to x. That is: for some ∈ {−1, +1}, and for some neighborhood U of x, we have
If the neighborhood U can be taken to be all of X then we say that f is globally homothetic.
Lemma 27. Let f n : X → X, n ∈ Z be a uniform quasisimilarity action of the infinite cyclic group Z on a complete metric space X. Then exactly one of the following happens:
• The action f n is uniformly bilipschitz, with bilipschitz constant depending only on the quasisimilarity constant.
• There exists a point x at which the action is locally homothetic. When this occurs, the local homothety point x is unique, and in fact f is globally homothetic.
Proof. If there exists a point of local homothety x for the action f n then, for points y near x, the ratios d(f n (x), f n (y))
d(x, y) , n ∈ Z converge to 0 for n → −∞ or +∞, and so the ratios
are not bounded, proving that f n is not uniformly bilipschitz. Conversely, suppose f n is not uniformly bilipschitz, with stretch homomorphism n → λ n . Choose an interval [a, b] ⊂ (0, ∞) so that f n is λ n · [a, b]-bilipschitz for all n. Since λ = 1 it follows that for sufficiently large n we have 1 ∈ λ n ·[a, b] and so there is at most one fixed point. The Contraction Mapping Theorem shows the existence of a unique fixed point x, and it is evident that f n is locally homothetic at x, indeed f n is globally homothetic. Now we prove (1) and (2) above. To prove (1), note that the action of G 0 on Q p is uniformly bilipschitz, indeed it is isometric. It follows that no cyclic subgroup of G 0 has a local homothety point in Q p . The actions of G 0 on Q p and on Q n are topologically conjugate, and so no cyclic subgroup of G 0 has a local homothety point in Q n . From Lemma 27 it follows that each cyclic subgroup of G 0 is uniformly bilipschitz, with bilipschitz constant independent of the cyclic subgroup since the quasisimilarity constant is independent. In other words, the action of G 0 on Q n is uniformly bilipschitz.
To prove (2), let k → λ k be the stretch homomorphism of the action of Z = z on Q n . Since z does have a local homothety point in Q p it also has one in Q n , and so λ = 1. By replacing z with z −1 if necessary we obtain λ > 1.
This completes the proof of Claim 25 and of Theorem 7. The proof of Corollary 8 is immediate.
As remarked in the introduction, the motivation for Theorem 7 comes from the end of [FM99] where it is asked whether a uniform quasisimilarity action on Q n is always conjugate to a similarity action, at least when n is not a proper power. But this is false. Consider for example Sim(Q 4 ), the full similarity group of Q 4 . Conjugating by a bilipschitz homeomorphism Q 4 → Q 2 we obtain a faithful, uniform quasisimilarity action of Sim(Q 4 ) on Q 2 . However, this action is not bilipschitz conjugate to a uniform similarity action of Sim(Q 4 ) on Q 2 . To see why, Sim(Q 4 ) contains a copy of the symmetric group on 4 symbols, a finite group of order 4! = 24. Every similarity action of a finite group on Q 2 is an isometric action. But every finite subgroup of the isometry group of Q 2 is a 2 group, because it acts by direction preserving isometries on the tree T 2 fixing some vertex.
Application: Virtually free, cocompact lattices
In this section we prove Theorem 9 which shows that a locally compact group containing a cocompact lattice which is free of finite rank is closely related to the automorphism group of a bounded valence, bushy tree, and Corollary 10 which gives simple examples of virtually free groups that cannot be cocompact lattices in the same locally compact group.
We want to understand when two virtually free groups can both act properly discontinuously and cocompactly by isometries on the same proper metric space X. Slightly more generally, we ask whether they are both cocompact lattices in the same locally compact group.
Lemma 28. Let G be a locally compact topological group, Γ a finitely generated, cocompact lattice in G, and equip Γ with the word metric. Then G quasi -acts coboundedly on Γ.
Proof. We prove this by constructing a metric on G which is left invariant and so that the inclusion map Γ → G is a quasi-isometry, with respect to the word metric d A for a fixed finite generating set A of Γ. We may then quasiconjugate the left action of G on itself to a quasi-action on Γ using the inclusion map Γ → G. The metric we construct on G does not induce the given topology on G, but as we are only concerned with the large scale geometry of G this is not important.
Let K be a symmetric compact set in G containing the identity and containing the generating set A for Γ, so that ΓK = G. It follows that K is a generating set for G. Let d K be the left invariant word metric on G defined in the usual manner using the generating set K: d K (g, g ) is the minimal n ≥ 0 for which there exists a K-chain of length n, meaning a sequence g = g 0 , g 1 , . . . , g n = g with g i+1 ∈ g i K for all i. By the choice of K, every element of G is within d K distance 1 of an element of Γ. Thus we need only show that on Γ the word metric d A and the restriction of d K are quasi-isometric.
Since K contains the generating set A for Γ, any path in the Cayley graph with respect to A is a K-chain, and so d K is bounded above by the word metric d A .
Given any K-chain {g i } from γ 1 to γ 2 , define a sequence {γ i } in Γ by choosing, for each i, an element of g i K ∩ Γ. The intersection is nonempty by the definition of K. Now γ i+1 ∈ g i+1 K ⊂ g i K 2 ⊂ γ i K 3 , so this sequence in Γ is a path in the Cayley graph with respect to the generating set K 3 ∩ Γ, which is finite as K 3 is compact. Thus d K is bounded below by the word metric for K 3 ∩ Γ.
We have shown d K is pinched between two finitely generated word metrics on Γ, which proves that it is in the same quasi-isometry class as the word metrics.
Proof of Theorem 9. Given a locally compact group G which has a free group Γ as a cocompact lattice, we need to construct a tree T with a G action, so that the induced map φ: G → Isom(T ) is continuous, closed, has compact kernel, and has cocompact image.
Lemma 28 gives a cobounded quasi-action of G on the Cayley graph of Γ. Moreover, the proof shows that if we fix a compactly generated word metric on G then the left action of G on itself is quasiconjugate to resulting quasi-action of G on the Cayley graph of Γ. Theorem 1 produces the tree T with a G action. This G action is quasiconjugate to the quasi-action of G on the Cayley graph of Γ, and so the left action of G on itself is quasiconjugate to the action of G on T . It remains to show using this quasiconjugacy that the map φ: G → Isom(T ) has all the desired properties. For example, the left action of G on itself is cobounded, implying that the G-action on T is cobounded, and so the image of φ: G → Isom(T ) is cocompact.
Lemma 29. Given a bounded valence, bushy tree T , a sequence (f i ) converges in Isom(T ) if and only if (f i ) satisfies the following property:
Coarse convergence. There is some D so that for any v there is n so that {f i (v) i ≥ n} has diameter at most D.
Proof. "Only if" is obvious.
Using the local finiteness of T , pass to a subsequence of the f i which converges to some f . Further, if, for some v, there are infinitely many f i for which f i (v) = f (v), then we can find another convergent subsequence with a limit, f , different from f . Clearly one has that d(f, f ) ≤ D. As isometries of T are unique in their bounded distance classes, this is a contradiction proving the lemma.
Continuing the proof of Theorem 9, consider a sequence of elements {g i } in G. Given two quasiconjugate quasi-actions of G, the sequence g i satisfies the coarse convergence condition of Lemma 29 for one of the quasi-actions if and only if it satisfies the condition for the other quasi-action. In particular we can apply this to the left action of G on itself and to the quasiconjugate action of G on T . If g i converges in G then it satisfies coarse convergence with respect to the left action, and so φ(g i ) satisfies coarse convergence in T ; applying Lemma 29 it follows that g i converges in Isom(T ). This proves that φ is continuous.
Also, φ is proper, for take a compact subset C ⊂ Isom(T ) and a sequence g i in φ −1 (C). Passing to a subsequence, φ(g i ) converges in C, and so by Lemma 29, φ(g i ) satisfies coarse convergence in T . This implies that g i satisfies coarse convergence in G. Passing to a subsequence it follows that g i converges in G; let g be the limit. Continuity implies that φ(g) = lim φ(g i ) and so φ(g) ∈ C and g ∈ φ −1 (C).
The kernel of φ, by definition, consists of those elements which act trivially on T . This means that there is some R so that, in the quasi-action on Γ, every element of the kernel moves no point more than R. This means, as in the proof of Lemma 28, that there is a compact set K in G so that for any g in the kernel of φ, and any g ∈ G, gg ∈ g K. In particular, g ∈ K. As the kernel of φ is closed and contained in a compact set, it is compact.
Proof of Corollary 10. If two virtually free groups G and G are both cocompact lattices in the same locally compact group, Theorem 9 produces a tree T on which they both act properly discontinuously and cocompactly.
Consider a group G = Z/pZ * Z/pZ for a prime p. Let G act properly and cocompactly on a bounded valence, bushy tree T , with all vertices of valence at least three. We claim T must be the Bass-Serre tree arising from the given splitting of G.
Let X be the quotient graph of groups. We must have X a tree, as G has no surjections to Z. Consider an extreme vertex x of X, and let e be the incident edge. As there are no valence one vertices in T , the edge group of e must be a proper subgroup of the vertex group of x. Since the action on T is proper, all of the groups are finite. Every nontrivial finite subgroup of G is contained in, and hence equal to, a conjugate of one of the free factors. Conversely, every such conjugate must fix a vertex of T . Thus X has exactly two extreme points, corresponding to the free factors of G, with the incident edges, and all other vertices of X, having trivial stabilizers. A finite tree with two extreme points is a subdivided interval, and as T has no valence two vertices, X is a single edge, as claimed.
The groups Z/pZ * Z/pZ and Z/qZ * Z/qZ for distinct primes p and q, do not have isomorphic Bass-Serre trees, so the claim above and Theorem 9 prove that they are not both cocompact lattices in any locally compact group.
